ABSTRACT. In this paper we prove that a flat free-boundary minimal n-disk, n ≥ 3, in the unit Euclidean ball B n+1 is the unique compact free boundary minimal hypersurface in the unit Euclidean ball which the squared norm of the second fundamental form is less than either 
INTRODUCTION
Free boundary minimal submanifolds are an important branch of Differential Geometry and have received much attention. A classical result due to J. C. C. Nitsche [10] is the following: Let D 2 ⊂ R 3 be a proper branched minimal immersion with free boundary on the standard unit sphere, where D 2 is a disk. Then D 2 is a flat disk. There has been much work extending this result in many different directions. For instance, Fraser-Schoen [8] showed an extension of Nitsche's Theorem for surfaces with arbitrary codimension. However, there is no complete version of Nitsche's theorem for submanifolds with high dimension. From another side, as an application of Nitsche's Theorem and Gauss-Bonnet Theorem we get the following: Let Σ 2 ⊂ R 3 be a compact free boundary minimal immersion in the standard unit Euclidean ball such that |A| 2 ≤ 4, where |A| 2 denote the squared norm of the second fundamental form of Σ. Then Σ 2 is a flat disk. In order to see that, use the Gauss-Bonnet Theorem to obtain
where g denotes the genus of Σ and r the number of its boundary components. Hence, either g = 0 and r = 1, or g = 0 and r = 2. If g = 0 and r = 1, it follows from Nitsche's Theorem that Σ is a flat disk. If g = 0 and r = 2, then |A| 2 = 4. Applying Simon's equation ∆|A| 2 = −2|A| 4 + 4|∇|A|| 2 , which is valid for minimal surfaces in the 3-dimensional Euclidean space, we get a contradiction. In [4] , M. Cavalcante, A. Mendes and F. Vitório prove the same result considering high codimensional surfaces Σ 2 ⊂ B 2+k . We point out that the constant c = 4 is not the better one for that result. With a convergence argument, and using the result above with the inequality |A| 2 ≤ 4, we can slightly improve that constant: there exists a positive ε 0 such that the only free boundary minimal surface Σ ⊂ B 2+k satisfying |A| 2 ≤ 4 + ε 0 is the flat disk. In fact, if that is false, for each ε > 0
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such that ε → 0 there exists a free boundary minimal surface Σ ε which is not totally geodesic and |A| 2 ≤ 4 + ε .
As the second fundamental form is uniformly bounded there exists a free boundary minimal surface Σ such that, up to a subsequence, Σ ε → Σ and the second fundamental form of Σ satisfy |A| 2 ≤ 4. Hence, Σ is a flat disk. As Σ ε → Σ, we obtain that Σ ε is topologically a disk, for ε small enough. Then, from the NitscheFraser-Schoen's uniquenessTheorem, we obtain a contradiction.
Another application of Nitsche-Fraser-Schoen's Theorem is the following: Let Σ 2 ⊂ R 2+k be a compact free boundary minimal immersion in the standard unit Euclidean ball such that´Σ |A| 2 da ≤ 4π, then Σ 2 is a flat disk. In fact, assume that Σ has genus g and r boundary components. It follows from the Gauss-Bonnet Theorem that
The result follows from the fact that |Σ| ≥ π and equality holds only for the flat disk (see, for instance, S. Brendle [2] , and Fraser-Schoen [9] ), since this implies that g = 0 and r = 1. Note that this also shows that there exists no compact free boundary minimal surface in B 2+k with´Σ |A| 2 da = 4π. As a direct consequence of this we have that: if Σ is not totally geodesic then
Therefore, the set of free boundary minimal surfaces satisfying ||A|| 2 ∞ |Σ| ≤ C, for some positive constant C, is a compact set. Again, with a convergence argument, we can slightly improve this: there exists a positive ε 0 such that the only free boundary minimal surface Σ ⊂ B 2+k satisfying´Σ |A| 2 da ≤ 4π + ε 0 is the flat disk. In the unit sphere, we also have similar results: Let Σ 2 ⊂ B 2+k be a free boundary minimal surface, where B 2+k is a geodesic ball contained in a hemisphere of S 2+k . If either |A| 2 ≤ 2 or´Σ |A| 2 da ≤ 4π + 2|B 2 |, where |B 2 | is the area of a geodesic disk with the same radius as B 2+k then Σ is a totally geodesic disk. The proof follows the same lines of the above discussion and the results in [5] .
In the Hyperbolic space H 2+k , similar results are obtained considering
where we are denoting with r q the extrinsic distance from a point q ∈ H 2+k evaluated along Σ 2 . Our first result is on that question concerning the extension of those results to high dimension: 
Very recently, M. Cavalcante, A. Mendes and F. Vitório [4] , using a different method, has been able to prove topological results for high codimensional free boundary submanifolds in the unit Euclidean ball considering an explicit upper bound for the number ||Φ|| 2 := |A| 2 − n| H| 2 , where H is the mean curvature vector.
As the Nitsche's Theorem has also a valid version in some Euclidean conformal spaces, we can ask about the validity of a version of the above result for a class of Euclidean conformal spaces. Let (B n+1 R ,ḡ), n ≥ 3, be a Euclidean ball with radius R and centred at origin, and with a conformal metricḡ = e 2h , , where R < ∞ or R = ∞ and h(x) = u(|x| 2 ), u : [0, R 2 ) → R being a smooth function. Note that if r is the Euclidean distance from a point x ∈ B n+1 R to the origin then the distancer, from x to the origin with respect to the conformal metricḡ, is given bȳ r = rI(r) ,
2 ) dt. We write BR to denote (B n+1 R ,ḡ), andr to denote the distance function. Suppose that function u satisfies the following conditions:
We can check that BR is a Hadamard space (see section 2).
The functions u 1 and u 2 satisfy the conditions i) and ii) above. In fact,
is the Euclidian space R n+1 and M 2 := (B 
Then Σ is a totally geodesic disk D n passing through the center of the ball.
We consider now free boundary minimal hypersurfaces immersed in a Euclidean annular domain. For r 0 ≤ ∞, consider Br
with h(x) = u(|x| 2 ) and u satisfying the conditions i) and ii). For r 1 < r 2 < r 0 , define the (n + 1)−dimensional annulus A(r 1 ,r 2 ) := Br 2 \ Br 1 . When we want to emphasise that the metricḡ coincides with the canonical metric (that is, for u ≡ 0) we write A(r 1 , r 2 ) instead of A(r 1 ,r 2 ). Theorem 1.4. Let Σ n ֒→ A(r 1 , r 2 ) be a free boundary minimal hypersurface in immersed a Euclidian (n + 1)-dimensional annulus. Assume that
is a totally geodesic annulus.
2) If n ≥ 3 and r
3) If n ≥ 3 and r we write Σ n δ , and the second fundamental form will be denoted by A δ . If p ∈ Σ n has Euclidian distance to origin given by r = |p|, then the distance of p to the origin with respect to the metric g = e 2u(|x| 2 ) , is given by the relation r = rI(r)
2 ) dt. For our purposes, we define 
Then,
1) If
2) If
totally geodesic annulus.
3) If
is a totally geodesic annulus or Σ n is a trunk of a cone whose support cone is taking on a Clifford torus in S n when it is being considered as Σ n ֒→ A(r 1 , r 2 )
PRELIMINARIES AND PROOFS OF THE MAIN RESULTS
The next theorem was the motivation for establish the results of this paper. We will state it in the context that interest us, i.e, for minimal hypersurfaces with boundary. The general case can be found in [1] . Recall that a manifoldM is said be a Hadamard space if it is complete, simply-connected and has non positive sectional curvature.
futhermore if p > 1 then equality occur if and only if ψ ≡ 0 on Σ Fo the particular case where 0 ≤ γ < n and p = 2, the inequality (2.1) becomes
Check also that inequality for the choice γ = 0.
We will build a model of Hadamard space where we can apply the above theorem to obtain classification results for minimal submanifolds under appropriate conditions.
Let (B n+1 R ,ḡ), n ≥ 3, be a Euclidean ball with radius R and centred at origin and with a conformal metricḡ = e 2h , , where
2 ) → R being a smooth function. Note that if r is the Euclidean distance from a point x ∈ B n+1 R to origin than, the distancer from x to the origin with respect to the conformal metricḡ is given by,
2 ) dt. We write BR to denote (B n+1 R ,ḡ).
Basic relationship betwen geometries of the (B n+1
R ,ḡ) and (B n+1 R , , ). We will always consider canonical cordinates on B n+1 R and will denote by x the vector field which associate to each point x = (x 1 , ..., x n+1 ) the vector x = x i ∂ i . Under conformal change on a riemannian metric, we have the following formulae, Proposition 2.1 (Conformal change formulas). Let ∇ and∇ be a Riemannian connection of (M n+1 , g) and (M n+1 ,ḡ) respectively, whereḡ = e 2h g for some function
where, ∇h, (Hess h) and ∆h are calculated with respect to the metric g.
Lemma 2.1. Consider B n+1 R with the Euclidean metric and denote by∇ its connection. Then the Hessian of the function
Proof. Note that the gradients vectors of the functions h and u ′ (|x| 2 ) are given, respectively, by
Hence,
ifN is an unit vector in the tangent space T x BR, we havē
Proof. Note that ifN ∈ T x BR satisfyḡ(N ,N ) = 1 then the vector N = e hN is such that N, N = 1. It follows from the conformal change formulas that
where we have used in ( * ), the condition satisfied by u. Therefore,
R ,ḡ). Suppose that function u satisfies the following conditions:
Then BR is a Hadamard space.
Proof. We just need to prove that seccional curvatureK satisfiesK(x)(π) ≤ 0 for any point x ∈ BR and any plane π ⊂ T x BR.
we obtain E i , E j = δ ij . It follows from the Lemma 2.2 and from the relations in the conformal change for the curvature obtained in Proposition 2.1, that
where θ i denote the angle between x and E i , i = 1, 2. Since the angle between E 1 and E 2 is π 2 , for every fixed 0 ≤ θ 1 ≤ π 2 , we obtain that
From the condition i) we obtain
and from the condition ii) follows that, Proof. Suppose by contradiction that λ 1 ≤ 0. Let v 1 such that
Then v 1 can be assumed positive, since the first eigenvalue of that problem is simple. It follows from integration by parts, the inequality (3.4) and
Consideringr the distance from a point p ∈ Σ to the point 0 ∈ Br, we haver ≤r 0 . Since v 1 ≡ 0 on ∂Σ, the inequality (2.2) for γ = 0 gives us
Hence, It follows from the estimate (3.5) that
This means that equality occurs in (3.6) and, from the result Theorem 2.1, the function v 1 should be the null function. This is a contradiction. Therefore, λ 1 > 0.
Remark 3.1. If we consider the condition
instead of (3.4), wherer =r(x) denotes the distance in BR from a point x ∈ Σ to the point 0, and using γ = 2, we obtain the same result: λ 1 is strictly positive and consequently the solution L[v] = 0 for the problem ( * ) above is the null function.
Note that the inequality (3.4) imposes a more rigid constraint on the total length of |A| 2 , whereas the inequality (3.7) just imposes a control in the growth of |A| 2 , making the last case a less restrictive condition, allowing, for example, a situation where |A| 2 becomes arbitrarily large near the point 0. 
Proof. Since the vector field x on BR is coformal, i.e, the Lie derivative satisfies,
where σ(x) = 1 + 2u ′ (|x| 2 ) |x| 2 , the Proposition 2.1 of [3] ensures that
Now, we just need to calculate the right side of the above equation. The gradient of the function σ with respect to the Euclidean metric is given by,
but, the gradient of σ with respect to the metricḡ is given by∇σ = e −2h grad (σ)
replacing (3.9) on (3.8) we have
as desired. Furthermore, v ≡ 0 on ∂Σ. Indeed, since Σ is free boundary, we get N = ν whereÑ denotes the normal vector to ∂B r0 and ν is a co-normal to Σ on ∂Σ. Because x//Ñ = ν on ∂B r0 andḡ(ν,N ) = 0, we haveḡ( x,N ) = 0 on ∂Σ.
Theorem 3.1. Let Σ n ֒→ Br 0 ⊂ BR be a free boundary minimal hypersurface, which satisfies
Then, Σ is a totally geodesic disc through the origin.
Proof. Consider the function v =ḡ( x,N ) defined on Σ, whereN is the normal vector to Σ. Considerer also the operator L := ∆ + |A| 2 + q where,
The Lemma 2.2 ensures that q ≤ 0 and by hypothesis (3.10), the Lemma 3.1 ensures that the first eigenvalue of the operator L := ∆ + |A| 
where N denotes the normal vector to Σ in the metric , given by N = e hN . Since Σ is minimal in the metricḡ we should have,
is that, n i=1 k i = 0 and therefore Σ is also a minimal hypersurface in R n+1 satisfying x, N ≡ 0. So, Σ is a totally geodesic disc passing through the origin.
Based on remark 3.1., we also have the following theorem, which proof is analogous to the proof of the above result.
Theorem 3.2. Let Σ
n ֒→ Br 0 ⊂ BR be a free boundary minimal hypersurface, which satisfies
at every point x ∈ Σ \ 0 wherer =r(x) is the distance in BR from a point x ∈ Σ to the point 0. Then, Σ is a totally geodesic disc through the origin. Proof. The proof follows in analogous way to the Theorem 3.1. We then conclude that the function v =ḡ( x,N ) must be identically null on Σ, which forces Σ to be also a minimal hypersurface of free boundary in the domain (B n+1 r2
\ B n+1 r1 , , ). The difference here is that the fact of Σ does not pass through the origin does not allow us to conclude that the hypersurface is totally geodesic. However, as we saw in the Theorem 3.1.,ḡ( x,N ) ≡ 0 implies that x, N ≡ 0 when we consider Σ as a hypersurface of R n+1 and thus, the boundary ∂Σ necessarily intersects each of the connected components of the boundary ∂A(r 1 ,r 2 ), otherwise ∂Σ would be in only one connected component of ∂A(r 1 ,r 2 ) and the function f (x) = |x| 2 restricted to Σ would have a minimum point or a local maximum point in some point x 0 ∈ Σ, which implies that ∇f (x 0 ) = x 0 must be in the direction of the normal vector N in x 0 and then x 0 , N = 0, which does not occur.
The above theorem says that a minimal hypersurface Σ n ֒→ A(r 1 ,r 2 ) with free boundary satisfying the condition (4.12), necessarily has its support function v =ḡ( x,N ) identically zero, and furthermore, the boundary ∂Σ should intersect each of the connected components of ∂A. Note that in the specific case of Euclidean space it is not possible to say immediately that such a hypersurface is totally geodesic, since for dimension n ≥ 3 the Euclidean space R n+1 admits minimal hypersurfaces not totally geodesic as some specific types of cones, whose portion that intersects the annulus A(r 1 , r 2 ) forms a minimal hypersurface with free boundary in A(r 1 , r 2 ). Note that such hypersurfaces have a singularity at the origin 0, so we must have |A| 2 (p) arbitrarily large when p approaches to 0. That is why it is natural to expect that some restriction on the minor radius r 1 is necessary to characterize hypersurfaces satisfying (4.12) as totally geodesic. This is what we will do in the next sections.
4.1. The case of a Euclidean annulus. Let C Γ := {λy ; y ∈ Γ n−1 , λ ∈ (0, ∞)} be a cone in R n+1 with vertex at origin. We refer to C Γ as the cone over Γ for mean that C Γ intersects the sphere S n along of the surface Γ. For our purposes we consider that Γ n−1 is a closed orientable hypersurface on S n . Note that the support function v = x, N is such that v ≡ 0 on C Γ , and if Σ n ⊂ R n+1 is a hypersurface which has the support function identically null then Σ is contained in some cone C Λ for some hypersurface Λ n−1 ⊂ S n .
Lemma 4.1. C Γ is a minimal hypersurface in R n+1 if and only if Γ is a minimal hypersurface in S
n .
Proof. Let∇ the connection of the R n+1 and N the normal field to C Γ . The connection of C Γ is given by ∇ X Y = (∇ X Y )
T for any X and Y fields tangents to C Γ . The connection of Γ as submanifold of S n is given by ∇
T for any Z and W tangents fields to Γ, seeing Γ as a submanifold of S n . Let p ∈ C Γ ∩ Γ n−1 , then | p| = 1 and since x ∈ T x C Γ ∀x ∈ C Γ , we have that p ∈ T p C Γ . Now consider E n = p and complete to a orthonormal basis
On the other hand,
In particular, for x = p we should have,
In this way, the equation (4.13) becomes,
Since p ∈ S n , p is orthogonal to T p S n and being p, N = 0 it follows that N ∈ T p S n . Then, N is normal to Γ n−1 as submanifold of S n . Being {E 1 , ..., E n−1 } a basis for T p Γ, the equation (4.15) provides,
which says that Γ n−1 is a minimal submanifold of S n . The reciprocal is done in an analogous way. and 1 ≤ m ≤ n−2. Since T m,n is a minimal hypersurface in S n , the cone C Tm,n = {λy ; y ∈ T m,n , λ ∈ (0, ∞)} is a minimal hypersurface in the Euclidean space R n+1 .
Given λ > 0 consider the hypersurface Γ λ := C Γ ∩ S n λ where S n λ denotes the sphere of radius λ. Note that Γ λ is obtained from Γ n−1 ⊂ S n by a homothety, that is, every point x 0 ∈ Γ λ is such that there exists a point p ∈ Γ n−1 in such a way that x 0 = λp. Let |A| 2 and |A λ | 2 denoting the square of the second fundamental form of C Γ as the hypersurface of R n+1 and of Γ λ as the hypersurface of S n λ , respectively. Lemma 4.2. Let λ > 0 and consider Γ λ ֒→ S n λ . We have,
Proof. Let q ∈ Γ λ . Consider E n = q | q| and complete to an orthonormal basis {E 1 , ..., E n−1 , E n } of T q C Γ . As we have saw in (4.14), the fact of x, N ≡ 0 on C Γ ensures that −∇ x N, x (q) = 0, therefore for x = q, we have −∇ q N, q (q) = 0 and multiplying this last expression by 1 | q| 2 , we obtain −∇ En N, E n (q) = 0. That is, the vector −∇ En N is orthogonal to E n or is null. We affirm that −∇ En N = 0. Indeed, it is enough to observe that if we consider the curve α : (−ε, ε) → C Γ given by α(t) = (1 + t | q| )q we have α ′ (0) = E n , as long as the tangent space T α(t) C Γ is the same for all t, we have that the normal vector N does not varies over Σ. Thereby, 0 = A(E n ), E i (q) = E n , A(E i ) (q) for all i = 1, ..., n. Then, we have that
On the other hand, {E 1 , ..., E n−1 } is an orthonormal basis of T q Γ λ as submanifold of S n λ , where N is normal to Γ λ as subvariety of S n λ , therefore,
where ∇ denotes the connection of S n with respect to the metric R n+1 . Comparing the equations (4.16) and (4.17), follows the desired result. Lemma 4.3. Consider Γ n−1 ֒→ S n a closed surface and be C Γ , the cone in By lemmas (4.2) and (4.3) if C Γ is a cone in R n+1 over some hypersurface of S n and q ∈ C Γ then, for p = 1 | q| q we have,
This says that the square of the second fundamental form of C Γ as hypersurface of R n+1 when calculated on Γ λ = C Γ ∩ S n λ for some λ, can be compared to the square of the second fundamental form of a hypersurface Γ ֒→ S n obtained by a homothety Γ = 1 λ Γ λ . In view of the Lema 4.1., this comparison becomes useful in the context where we are working if the cone C Γ is a minimal hypersurface R n+1 due to the following theorem, Theorem 4.2 (Chern-do Carmo-Kobayashi, [7] ). . Let Γ n−1 be a closed minimal hypersurface in the unit sphere S n . Assume that its second fundamental form A 1 satisfies, 
, we consider A(r 1 , r 2 ) and let C T (r 1 , r 2 ) = C T ∩ A(r 1 , r 2 ) be a portion of C T inside on A(r 1 , r 2 ). In view of the equation (4.19) , for any point q ∈ C T (r 1 , r 2 ) we have,
But, by the above theorem, we have
is that,
The preceding example says that condition
without any other assumption is not sufficient to characterize a free boundary minimal hypersurface on A(r 1 , r 2 ) as being totally geodesic like was done on Theorem 3.1. For this case we need a additional hypothesis which concerns about condition of distancing betwen the rays r 1 and r 2 of A(r 1 , r 2 ) as we'll see on Corollary 4.1. But before that, we'll see a slightly more general case which will be useful to study a free boundary minimal hypersurfaces on A(r 1 ,r 2 ).
Proposition 4.1. Let C Γ be a minimal cone in R n+1 with vertex on the origin and considered over a closed minimal hypersurface in S n . Consider C Γ (r 1 , r 2 ) = C Γ ∩ A(r 1 , r 2 ) the trunk of cone C Γ inside of anullus A(r 1 , r 2 ). Supose that for some constant a 0
for all q ∈ C Γ (r 1 , r 2 ). Hence, Proof. We consider Γ λ = C Γ (r 1 , r 2 ) ∩ S n λ , where r 1 ≤ λ ≤ r 2 , and we will denote by A λ the second fundamental form of respective hypersurfaces like a submanifolds of S n λ . We note that Γ = 1 λ Γ λ . The second fundamental form of Γ will be denoted by A 1 . For each q ∈ C Γ (r 1 , r 2 ) we choose p = 1 λ q ∈ S n . As a consequence of (4.19),
for all q ∈ C Γ (r 1 , r 2 ). i)(⇒) Thus, by hypothesis (4.20) and the condition (4.21) on the rays r 1 and r 2 we have,
The inequality above is true for all q ∈ C Γ (r 1 , r 2 ) and p ∈ Γ such that p = 1 λ q, being r 1 ≤ |q| ≤ r 2 , in particular for |q| = r 1 we have,
for all p ∈ Γ. By Theorem 4.2. follows that Γ ֒→ S n is a totaly geodesic hypersurface, and by Remark 4.1., C Γ (r 1 , r 2 ) is a totally geodesic minimal hypersurface.
ii)(⇒) Developing the equation (4.23) and apply the hypothesis (4.20) and (4.22) we have,
Again, the equation is satifies for all q ∈ C Γ (r 1 , r 2 ) and p ∈ Γ such that p = 1 λ q, being r 1 ≤ |q| ≤ r 2 , in particular for |q| = r 1 we have,
but, by hypothesis, the equality on (4.20) occur for some q ∈ C Γ (r 1 , r 2 ), therefore must occur too on (4.25) for some p ∈ Γ. Again, the Theorem 4.2. ensures that Γ ֒→ S n is a Clifford torus and the support cone of the trunk C Γ (r 1 , r 2 ) is considered over on such torus. Proof. By Teorema 4.1. the support function v = x, N is identically null on Σ n and the boundary ∂Σ intersect the two connected components of ∂A(r 1 , r 2 ). In summary, we have that Σ is a subset of a minimal cone in R n+1 . The conclusions follows of Proposition 4.1. by choose of a 0 = 1.
4.2.
The case of annulus conformal to euclidian annulus. Now we will study the case of a immersion of free boundary minimal hypersurface Σ n ֒→ A(r 1 ,r 2 ) where the annulus A is not necessarily euclidean. When Σ n is equipped with euclidean geometry of B we'll write Σ n δ , and the second fundamental form of the respective geometry will denoted by A δ . If p ∈ Σ n has euclidean distance up to origin given by r = |p|, then the distance of p up to origin with respect the metric g = e where N is the normal vector to Σ n δ given by N = e hN . As v ≡ 0 we have 0 ≡ x,N = e −h x, N , therefore x, N ≡ 0. Thus, the equation (4.29) says that Σ n is a free boundary minimal hypersurface in A(r 1 , r 2 ) therefore Σ n is a minimal trunk of cone C n considered over some minimal hypersurface Γ 1 ֒→ S n and moreover,
2) If

3) If
